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Effect of a Rotor on the Attitude Stability of a
Satellite in a Circular Orbit

T. R. KANE* AND D. L. MiNGomf
Stanford University, Stanford, Calif.

In the gravitational field of a fixed particle, the mass center of an unsymmetrical rigid body
can move on a circular orbit centered at the particle while one of the centroidal principal axes
of inertia of the body remains normal to the plane of this orbit. At the same time, a second
centroidal principal axis can either rotate relative to the line joining the particle to the mass
center of the body, or it can oscillate about this line as a mean position. The stability of such
motions has been discussed previously. The present paper deals with the following question:
How does the inclusion of a symmetrical rotor affect the stability of the orbiting body? To
answer this question, a general procedure for testing the stability of the motions under con-
sideration is developed, and this procedure is used to examine a number of specific cases in
detail. The results show that both beneficial and harmful effects can be produced rather
easily; that is, that light, low-speed rotors can act either as stabilizers or as destabilizers.

Introduction

A RECENT paper1 in this Journal dealt with the stability
of motion of a rigid body carrying a disk that can be

made to rotate about an axis fixed in the body. As antic-
ipated by Roberson2 as long ago as 1957, the results indi-
cated that torques brought into play by the disk have a sub-
stantial effect on the attitude motions of the main body,
and the problem is thus of immediate interest in connection
with satellites. However, as gravitational effects were
not taken into account in this work, and as a number of re-
cent papers have shown that attitude motions of both a
single rigid body3"6 and of various gyroscopic devices7 are
profoundly affected by gravitational forces, the need for
further investigation is clearly indicated. Such an investi-
gation is the subject of the present paper.

Specifically, a satellite consisting of two parts, one a rigid
body R having no special symmetries, the other a rigid body
Rr possessing a centroidal axis of inertial symmetry, is con-
sidered. R' is constrained to rotate about its axis of sym-
metry, which coincides with one of the centroidal principal
axes of inertia of R, and the mass center of the satellite is
presumed to move on a circular orbit whose center coincides
with an attracting particle representing the earth for the
purpose of evaluating gravitational forces. Attention is
focused on motions during which the symmetry axis of Rf

remains in the neighborhood of the normal to the plane of
this orbit.

The paper is divided into three parts, "Dynamics/'
"Stability," and "Results." The first part contains a brief
derivation of the differential equations governing the attitude
behavior of the satellite. In the second part, Floquet theory
is used to develop a procedure for testing the stability of
the motions under consideration, and this procedure is used
in the third part to examine in detail particular cases that
are of interest either because they serve as a check on the
procedure or because they lead to conclusions having practical
implications. For example, the feasibility of stabilization
by means of a very light, low-speed rotor is demonstrated,
as is the dangerous concomitant possibility of destabiliza-
tion. It thus becomes evident that, in the design of certain
satellite systems, the relationship between attitude stability
and system parameters must be studied with considerable
care. The procedure developed in this paper should facili-

tate such studies, even when they are based on more elaborate
mathematical models, such as those accounting for the
earth's oblateness, atmospheric resistance, internal energy
dissipation, etc. (With regard to energy dissipation it is
important to keep in mind that this can affect stability
significantly, as pointed out most recently by Zajac.8)

Dynamics

In Fig. 1, R and R' designate the two rigid bodies com-
prising the satellite under consideration. P* is the mass
center of each of the bodies, and thus of the satellite, and
Xi, XZ) and X$ are principal axes of inertia of R, the corre-
sponding moments of inertia being /i, J2, and J3. Xi', X%',
X$' are mutually perpendicular lines fixed in body R', and
X$ coincides with ^3, so that the only possible motions of
Rf relative to R are rotations about this common axis. Fur-
thermore, Xi, X2

f
} and X$' are principal axes of R', and two

of the associated moments of inertia, // and J2' are taken
to be equal to each other. Finally, \f/ measures the angle
between Xi and Xir, and it is assumed that R' is driven rela-
tive to R (by a motor not shown) in such a way that d\f//dt =
s, a constant, called the "spin."

Orbital reference axes AI, A2, and A3 are shown in Fig. 2.
The line passing through the center of the earth and the mass
center P* of the satellite is AI; A2 is tangent to the assumed
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Fig. 1 Schematic rep-
resentation of the sat-

ellite.
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circular orbit; and A3 is perpendicular to the orbital plane.
Any desired orientation of the satellite relative to these
axes can be produced by first aligning Xi with At, i = 1, 2,
3; next, performing a right-handed rotation of R of amount
61 about AI, bringing Xi into coincidence with Bi} i = 1, 2,
3; and following this with rotations of amount 62 about
B2, leading to d, C2, C3, and 03 about C3, bringing R into its
final position.

The angle <£ between As, the normal to the orbital plane,
and the body-fixed axis X3 depends on Ql and 02, but not on
03. Consequently, expressions used to study motions during
which Xz remains nearly aligned with A3 shall be linearized
in 0i and 02. For example, the angular velocity of R in in-
ertial space, referred to the axes Xi, X2, and Xs, is then given
by

co: = (02 + £200 sin03 + (0i - 002) cos03)
o,2 = (02 + 000 cos03 - (0i - 002) sin03V (1)

where 12 is the (constant) "orbital angular speed"; similarly,
the sum of the moments about P* of the gravitational forces
exerted on the satellite by the earth, the so-called "gravity
torque," also referred to the axes Xi, X%, and X$, is9

3122(/2 - 73)02sin03
3Q2(/! -73)02cos03
3£22(7i - 72) sin03 cos03

(2)

where 7i, 72, and 73 are the moments of inertia of the satellite
about the axes Xi, X2, and Xs, respectively, that is,

Ii = Ii + 7/ i = 1, 2, 3 (3)
The angular-momentum principle, applied to the entire

(nonrigid) satellite, requires that

/icoi — a)2co3(/2 — Is) + £o2s73' = Mi (4)

72C02 — C03COi(/3 — Ii) — COiS/s' = MZ (5)

73a>3 — co1w2(/i — 72) = M3 (6)

(72 ~

(h ~

(7s7/i)(*/Q)

The analysis that follows is facilitated by the introduction
of the dimensionless parameters

(7)

(8)

and the frequency-like quantity p defined by

Furthermore, it is convenient to eliminate the independent
variable t by means of the substitution

t = r/12 (10)

and to use four variables Xi, Xz, Xs, and x± in place of 0i, 02,
and the derivatives of 0i and 02 with respect to r, that is, to
let

x = 0 x = 0 (11)

Xz — X ' XA = Xz (12)

where primes denote differentiation with respect to r. Sub-
stitution from (1) and (2) into (6) then gives

= 0 (13)
where s3 and c3 are abbreviations for sin03 and cos03, respec-
tively; and (4, 5, and 1) lead to the system of four first-
order differential equations

4

Xi' = £ WijXi i = 1, 2, 3, 4 (14)

Fig. 2 Reference
axes and attitude

angles.

where

„., _ A
tt/2i — U

i2 = 0

22 = 0
- (I

= 0

= 0

W32 =

^34 = [1 + Ki~ Ji~ (I - Ki)dS']tf

= - [1 + Ki -Ji - (I - K1)03']S32 -
[1 - K, - /2 - (1 + K2)03']c3

2

(15)

Before proceeding to the discussion of stability, it is worth
mentioning that the system of Eqs. (14) possesses an in-
tegral similar to that described by Zajac.11 Whereas this
integral cannot be used directly to obtain stability condi-
tions in the present problem, it can prove helpful in other
connections, e.g., for a full integration of the equations of
motion.

Stability

When 0i and 02 vanish identically, it follows from (11) that
Xi, xz, xs, £4 also vanish for all values of r and that Eqs. (14)
are thus satisfied regardless of the behavior of 03. It is the
stability of motions such as these that is to be examined
[stability here meaning that, by taking 01? 02, B1} and 02 suffi-
ciently small (but not equal to zero) for t = t0, one can keep
0i and 02 arbitrarily small for t > tQ.] Now, as (13) can be
recognized to be the differential equation of motion of a
pendulum, it is evident that 03 can be either an oscillatory or
monotone function of T, according as 03'| is larger or smaller
than p/0 when 03 is equal to zero. In the first case, here-
after referred to as "oscillatory," 03 is a periodic function of
T, the period TO being given by

where K is the complete elliptic integral of the first kind, and
the modulus k0 of K can be expressed both in terms of the
amplitude 03* of the oscillations,

= sin03* (17)
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Fig. 3 Instability chart of a symmetric satellite.

or as a function of the value r of 03 when 03 is equal to zero,

k0 = (r/p) sgn(r) (18)

In the second, or "rotational" case, 03 is not a periodic func-
tion, but there exists a quasi-period Tr defined as the change in
T corresponding to a change of 2ir rad in 03:

(19)TT =

where

kr = (p/r) sgn(r) (20)

An analog to (17) can be obtained in this case by introducing
a quantity a defined as

a = (2ir/Tr) sgn(r) (21)

to provide a measure of the average rotational speed of the
body R relative to the orbiting reference axes A^ A2, and A3.
Elimination of rr and Q/p from (19) by use of (9) and (21)
then gives

1/2
sgn(r)

and it may be noted for future reference that
sgn(r) = sgn(a)

(22)

(23)

In the sequel it becomes important that Eqs. (14) are
differential equations with periodic coefficients in both the

"1
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Fig. 4 Behavior of JR alone; 0i(0) = 02(0) = 0.01 rad.

oscillatory and rotational cases. This may be seen as
follows.

Equation (13) possesses the first integral

(0s02+ (pA2)2sin203 = const
Consequently, 0s'(T) is a periodic function of T with the same
period as sin[03(r)]. Now, for the oscillatory case, TO was
defined in such a way that

T0 3(r)

so that

sin[03(r + TO)] = sin[03(r)]

whereas, in ther otating case, as a consequence of the defi-
nition of Tr,

sin[03(r

(r + rr) = 03(r) + 27T

)] = sin[03(r) + 2<ir] = sin[03(r)]

03'(r) is thus a periodic function of T in both cases, and, in
view of (15), this means that Eqs. (14) are linear differential
equations with periodic coefficients.

In accordance with Floquet theory,10 the boundedness of
the solutions of these equations depends on the value at
TO, or Tr, of the 4 X 4 matrix H (r) defined by the matrix
differential equation

= w(r)H(r) (24)

and the initial conditions

tf (0) = I
where w(r) is the 4 X 4 matrix with Wij [see (15) ] as the ele-
ment in the {th row and thejth column, and I is the 4 X 4 unit
matrix. Specifically, all solutions of (14) are bounded as
T -+• oo if and only if the modulus of each of the four char-
acteristic values of H(TQ) [or H(rr)] is less than or equal to
unity, and if, for any characteristic value \k such that |X| = 1,
the multiplicity of \k is equal to the nullity of the matrix
H(TQ) — \jj [or H(TT) — X^Z]. Given the inertia properties
of R and R', the ratio s/12 of the spin to the orbital angular
speed, and either 03* or ce, one thus proceeds as follows :

1) Use (3, 7, and 8) to evaluate KI, K2j Ji, and J2.
2) Find kQ from (17), or kr from (22) and (23).
3) Determine r by means of (18) and (9), or (20, 9, and 23).
4) Evaluate TO by using (16) and (9), or rr from (21) and

(23).
5) Perform simultaneously a numerical (digital computer)

integration of (13) and the 16 equations (24), using for initial
values 03(0) = 0, 03'(0) = r/Q [see (18) and (20) for r], and
H(ty = /, and terminating the integration at T = TO, or
T = Tr.

6) Find the roots Xi, X2, Xs, and X* of the characteristic
equation

det[ff(T0) - X7] = 0

det[#(Tr) - X/] = 0
and determine the modulus of each distinct root. If any
of these exceeds unity, or if it is equal to unity and the
multiplicity of the corresponding root A;t is not equal to the
nullity of the matrix H(TQ) — XJ", or H(rr) — \J, then the
motion 61 = 02 = 0 is unstable. When these requirements
for instability are not fulfilled, stability is indicated, but not
assured, because Eqs. (14) were obtained by linearization.

Results

The moments of inertia // and I2' of the body R' were
taken equal to each other at the outset. If I\ and 72 are also
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set equal to each other, there result situations that are not
only of interest in their own right, but can also serve as a
check on the procedure described in the preceding section,
for the differential equations of motion then become equa-
tions with constant coefficients, which makes it possible to
discuss stability without reference to this procedure. Better
than that, one can make direct use of the results obtained by
Thomson.5' 6 This may be seen as follows. When 7i = 72
and 11 = 72', it follows from (3) that /i = 72, and hence from
(7) that

£1 = -K, (25)
and from (9) that p = 0. In view of (13), this means that
63' remains constant (and therefore equal to its initial value)
throughout the motion. Consequently,

08
7 = r/Q (26)

where, as before, r is the value of 03 when 03 is equal to zero.
Substitution from (25) and (26) into (15) leaves wu and

wtij i = 1, 2, 3, 4, unaltered and leads to the following (con-
stant) expressions for w^ and w±i, i = 1, 2, 3, 4:

= 1

(27)

Suppose now that the body Rf were absent. Then the
present problem would reduce to that treated by Thomson.5
Let R designate R under these circumstances, and let f, 0,
etc. be the values of r, 0, etc. required for the description of
the motion of R. Then relations corresponding to (27) can
be obtained by simply deleting Ji [see (8) ] and by replacing r,
£2, and K2 [see (7) ] with f , 5, and K%, respectively. In par-
ticular,

To devise a body R and a motion of this body with the same
stability characteristics as the system under consideration,
it is, thus, merely necessary to choose r, &} and K2 such that

= K,
and

(1

which is readily accomplished by taking

and

(28)

7/S = r/12 + JV(1 + K2)

or, in view of (3, 7, and 8), and keeping in mind that.7i = 72,

7 r , s h'/h
(/3y/,) (29)

The stability chart for a single rigid body6 thus becomes ap-
plicable to the present problem as soon as the axes have been
renamed in accordance with (28) and (29)_, as shown in Fig. 3.

As one of the axes in Fig. 3 is labeled K^ it is worth noting
that this quantity can be expressed in terms of three inertia
ratios, each of which has a clear-cut physical significance.
These are 73//i, 73'/7i', and 73'/73, the first two of which
characterize the bodies R and R1 ', respectively, whereas the
third relates the two bodies to each other. Substitution
from (3) into the second of Eqs. (7) gives

,
( }[l/(73/70] + [(7377s)/(73V7iO]
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Fig. 5 Behavior of R with ft'; 0i(0)

14

0.01 rad.

To illustrate the use of these results, we let R be a solid
right-circular cylinder of equal radius and height, so that

/8//1 = 1-5

and take for R' a thin circular disk, whence

Furthermore, we set
h'/h' = 2.0

78'/73 = 0.01

(31),

(32)

(33)

thus making R the "main" body, and now seek to determine
values of the spin s such that R' stabilizes R in an attitude
that remains fixed in inertial space, i.e., an attitude for which
r/12 = —1. (That a stabilizer is required may be seen from
the fact that, in the absence of R', and with 7i = 72,

7? ^* — 7i 73A2 = — - —— = - — 1 = 0.5

and the point Kz = 0.5 , ?/5 = — 1 lies in a zone labeled un-
stable in Fig. 3.)

The computational procedure described in the preceding-
section, applied for values of s/12 lying between —100 and
+ 100, predicts instability for

-34<s /Q<67 (34)

With r/Q = - 1 and 7y/73 = 0.01, this means that

< -0.337 (35)" 12 ' 0 1 + (78

Now, from (30) together with (31-33),

£2 = 0.504 (36)

Consequently, (35) should describe that portion of the line

2.5n

2.0-
<7)

1 '-H
cr
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2 4 6 8 10 12 14 16
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Fig. 6 Behavior of R alone; 0i(0) = 02(0) = 0.001 rad.
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Fig. 7 Behavior of R with #'; 0i(0) = ^(0) = 0.001 rad.

Ki = 0.504 in Fig. 3 which lies in a zone designated as un-
stable, and this is seen to be the case.

From (34) it appears that R' might serve as a stabilizer
for R either if s/Q < —34 or if s/fl > 67. Some of the nega-
tive values of s/12 satisfying this requirement lead to smaller
absolute values of s than do any of the positive values. In
practical applications, this is of interest because it has a
direct bearing on questions of energy consumption. Hence,
in choosing a specific value to demonstrate the stabilizing
effect of R' on R, we take s/£l = — 50 and integrate the full
(nonlinear) set of equations of motion, using the following-
initial values to simulate a disturbance of the motion whose
stability is under consideration :

= 02(Q) = 0.01

0s(0) = 0

0i(0) = 02(0) = 0

In Figs. 4-7, the results of such integrations are shown in
the form of plots of the angle <£ between the body-fixed axis
X3 and the normal to the orbit plane Aa. Figure 4 describes
the behavior of R in the absence of R', whereas Fig. 5 deals
with both bodies. In the first case, 6 is seen to grow to about
100 times its initial value in less than three orbits (clearly an
indication of instability), whereas, in the second case, the
maximum value of 0 is always less than three times as large
as the initial value. Figures 6 and 7 demonstrate the effect
of a change in initial conditions, and thus highlight the dif-
ference between stable and unstable performance. Figure 6
shows that, when the initial values of B\ and 62 are reduced
by a factor of ten, the maximum value of </>, although at-
tained more slowly than before, is numerically unaltered for
R in the absence of R1 (compare with Fig. 4). By way of
contrast, the maxima in Fig. 7 (R and R' together) are far
smaller than those in Fig. 5. It is noteworthy that this
marked difference in behavior is attributable to a relatively
"light" (h'/h = 0.01) and "low-speed" rotor (50 rev of R'
relative to R per orbit).

Turning now to motions involving unsymmetrical bodies
R, that is, bodies for which 7i ^ 12, and considering oscillatory
cases first, the effect of R' on R can be discussed best in the
light of results obtained previously.3 For example, it has
been determined that, in the absence of R', oscillatory motion

50 60 70 80

Fig. 8 Effect of rotor spin on stability (X-unstable).

of R with 0j* = 5° is unstable if

/2 - h
Ii

= -0.50 /3-/1 = 0.90

We now find that this motion can be stabilized by adding
R' in the form of a thin, circular disk for which I a'/I a and
s/Q have the modest values 0.01 and 2, respectively. How-
ever, the fact that stabilization can be accomplished so easily
should not be regarded as an unmixed blessing, for it suggests
that destabilization may be produced with equal ease, and
this turns out to be the case. For example, if the value of
(73 - 7i)//2 is changed from 0.90 to 0.95, and 73'/73 = 0.01
while s/Q, = 0.5, the motion under consideration is stable for
R alone, but unstable for R and Rf together.

Finally, a somewhat different sort of sensitivity of the sys-
tem may be illustrated in connection with rotational cases.
For instance, in the absence of R', the values (J2 — Ia)/Ii =
-0.40, (78 - /0//2 = 0.75, and a = -1.0 lead to instability.4
If R' is now once again taken to be a thin, circular disk such
that la'/la = 0.01, and values tying between 50 and 80 are
assigned to s/fi, one obtains Fig. 8, where each circle repre-
sents an application of the procedure described in the previ-
ous section and crosses indicate instability. It now appears,
perhaps surprisingly, that R' may be expected to act as
a stabilizer for 56 < s/Q < 60, but will fail to do so for 62
< s/Q < 70. In other words, an increase in s/Q may be
deleterious.
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